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Abstract

Two subdivision schemes with Hermite data on Z are studied. These
schemes use 2 or 7 parameters respectively depending on whether Hermite data
involve only first derivatives or include second derivatives. For a large region
in the parameters space, the schemes are C' or C? convergent or at least are
convergent on the space of Schwartz distributions. The Fourier transform of
any interpolating function can be computed through products of matrices of
order 2 or 3. The Fourier transform is related to a specific system of functional
equations whose analytic solution is unique except for a multiplicative constant.
The main arguments for these results come from Paley-Wiener-Schwartz the-
orem on the characterization of the Fourier transforms of distributions with
compact support and a theorem of Artzrouni about convergent products of
matrices.
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1 Introduction

Hermite interpolatory subdivision schemes have been introduced by Merrien [9, 10].
He and Dyn-Levin [5, 6] studied the convergence of these schemes. What we would
like to do here is to compute the Fourier transform of these interpolants in order to
give new properties.
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This harmonic analysis provides an additional tool to study these schemes and
allows extension to functions which are not necessarily of class C' or C2?. A first
analysis had been written by Hervé [7] using wavelets in two or more dimensions.
But he did not studied the convergence conditions. We do it here.

In Section 2, we study a first Hermite interpolation on R of a function and its first
derivative with data on Z. This scheme called H 521 depends on two parameters. We
first recall the conditions which insure C'-convergence on R. Then we evaluate the
Fourier transform of the interpolating functions and we give the first properties. The
Paley-Wiener-Schwartz theorem on the characterization of the Fourier transform of
a distribution with compact support and a convergence theorem of infinite products
of matrices proposed by Artzrouni allow us to conclude to the convergence of the
scheme in the space of distributions D(R)’ for a large region in the parameters space.
Moreover, the Fourier transforms of two basic distributions in the Hermite subdivision
scheme is the unique (except for a multiplicative constant) analytic solution of a
system of two functional equations.

Section 3 is devoted to the study of a second scheme where we interpolate not
only a function and its first derivative but also its second derivative. This scheme is
called HS522. We prove analogous properties to the previous scheme depending on
the parameters introduced in the algorithm. Most proofs are similar to the previous
ones. However, a few matrix tools must be improved.

2 The Hermite subdivision scheme H 521

We recall Merrien’s construction [9]. We suppose that the function f and its first
derivative p are known on Z. Precisely, we have two sequences {y,y; }rez and we
suppose that f(k) = yx, p(k) = yj. We build f and p on Z/2™ by induction. At step
n, set h = 1/2" and D, = {x = jh,j € Z}. If a = jh and b = (j + 1)h are two
consecutive points of D,,, we compute f and p at © = (a + b)/2 which is the middle
point of [a, b] by the formulae:

fla) + f(b)

fx) = === +ahlp() - p(a)] "
plx) = (1 _5)f(b);f(a) 4 gPe) -QFp(b)

Hence f and p are defined on D,,, ;. The construction is depending on two parameters
a and . When we reiterate the process, we define f and p on the set of dyadic
numbers Dy, = |J D,, which is dense in R. For some values of the parameters the
functions f and p may be uniformly continuous on D, so that they may be extended
to R ; sometimes we have in addition: p = f’. In these cases the algorithm is said to
be C'- convergent.

This C''-convergence is given by the following necessary and sufficient condition:
the generalized spectral radius of the set ¥ = {A;, A_,} satisfies p(X) < 1, where
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A, = 841 (Hﬂﬁ) ,€ = 1. An equivalent condition is that there exists

a matrix norm || - ||28uch that: ||[A¢]| < 1,6 = £1. This result can be proved by
techniques which are described in [10].

Let us recall that if ¥ is a set of matrices in R"*" and if we write p(M) for the
spectral radius of a matrix M, then the generalized spectral radius of X, p(X), is
defined by:

p() = limsup(px(2))F, pi(S) = sup{p([ [ M:) : M; € 2,1 < i < k.

k—400 i1

More details on generalized spectral radius can be found in Daubechies-Lagarias [2].

Remark 1: If « = —1/8, § = —1/2, then f is the Hermite interpolating cubic
polynomial between two consecutive integers. When o« = —1/8, = —1, then f is
the quadratic interpolating spline with a node on each middle point of two consecutive
integers.

2.1 First properties of HS521

We describe some elementary properties of Hermite subdivision schemes. We will use
those properties later. The first one is the linearity of the scheme.

Lemma 1 Let {yk, Yi, Uk, Uy trez be 4 sequences. Assume that both couples (f,p) and
(f, D) are built by the subdivision scheme from: f(k) = yg, p(k) = vy, f(k) = U,
b(k) = @i, then the couple of functions (f + f,p+ p) are obtained by the subdivision
scheme from the sequences: {yx + Uk, Y + U} tkez-

Similarly, if ¢ € R, the couple of functions (cf,cp) is obtained by the scheme from
the sequences: {cyx, cyp trez.

Then we have a second lemma about translation and scale change.

Lemma 2 Let {yi, v} }rez be two sequences from which we build the couple of func-
tions (f,p) by the subdivision scheme with f(k) = yx, p(k) = vy).. If ¢ € Z, then the
couple of functions (f(x + ¢),p(x + ¢)) is obtained by the scheme from the sequences:

{yk+cay2+c}kel-
The couple of functions (f(x/2),p(x/2)/2) is built from the sequences:

{f(k/2),p(k/2)/2} ken.

There are two basic solutions of our recursive system (1): the first one is the couple
(fo, po) which is solution of (1) with data fo(k) = dx0, po(k) = 0,k € Z and the second
one is the couple ( fi, p1) solution of (1) with data f,(k) = 0,p;(k) = 60,k € Z. These
two couples are important because with linear combinations of their tranlates we can
get all the solutions (f, p) of (1). For any dyadic number x:
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fl@) = D k) folw = k) +p(k) fi(x — k)]
ey 2)
plz) = Y [f(k)po(z — k) + p(k)pi(z — k)]

Notice that all these sum are finite as the supports of f;,p;,7 = 0,1 lie in the set
[—1,1].

Now, using relation (1) which is applied to the couple of functions
(f(z) = fo(x/2),p(x) = po(2/2)/2) and then to the couple (fi(z/2), p1(x/2)/2), after
evaluations of the functions fy, pg, fi, p1 at the half-integers, we obtain a system of
functional equations for fy, po, f1, p1.

fo(x/2) = 5fole = 1)+ folz) + zfo( 1) = 52 file = 1)+ F2 iz + 1),
po(2/2)/2 = gpo(x — 1) +po(x) + 3po(a + 1) — _/3p1(x_1)+1%p1(;5+1),
file/2) = —afole=1)+afole+1)+ 5 iz —1)+ 3 fi(@) + ThHz+1),
pi(/2)/2 = —ape(x — 1) + apo(x + 1) + §pi(x — 1) + 3o (@) + §pi (2 + 1),

2.2 Fourier transform of HS21

Let us start with a computation without trying proper justification. We will suppose
that the system (3) of functional equations is valid not only whenever z is a dyadic
number, but also whenever z is an arbitrary real number. We must suppose that
fo, o, f1,p1_have been extended by continuity on R. Now, we compute the Fourier

transform f of a function f by
:/ fz)e % dz.

Using this Fourier operator on each equation of the system (3), we get:
© Y _ fo(€/2) Po(§) ) _ po(£/2)
(16 ) =em (£ ) (hg ) =2aem (e ). w

A(€) = ( s+ 3cosé i;sinf )

asiné 7 + Cosf

where

We have two vector equations in (4). To study them, we now look at the product

of matrices:
P (&) = A(E/2)A(E/4) ... A(E/2"). (5)



Precisely, we look for conditions on the parameters «, 3 to get convergence of the
sequence of matrices P, (§). This convergence should happen for every real or complex
value of £. The study of this sequence for complex values of ¢ is motivated by a
generalization of Paley-Wiener theorem as proposed by Schwartz [11].

Theorem 3 (Schwartz) Let F' be a continuous function on the real axis. F is the
Fourier transform of a distribution with bounded support [—C, C] if and only if F may
be extended on the complex plane to an analytic entire function of exponential type
<C.

We recall that a entire function F'(z) is of exponential type < C' if

log |F
lim sup 70g| (Z)|

|z| =00 |Z|

<C.

To study the convergence of the matrix products P, (&), we will need a lemma to
bound the moduli of the elements of P,(£). We will also need a convergence criterion
which has been found by Artzrouni [1].

Lemma 4 Let || - || be a matriz norm on the space of complex matrices of order d,
C¥4 and let A, be a sequence of this space such that ||A,|| < 1+ &,, with &, > 0.
Set Py = I, P, = P,_1A,,n = 1,2,.... Then ||P,|| < eXk=1% qnd the modulus of

each component of P, is bounded by Ce>k=1°* where C is a constant which depends
only on the matriz norm || - ||.

Proof: Since we notice that 1+ ¢, < e°», we get the first result by induction.

Then, for A = (a;;) € C%¢ we choose a new vector norm N(A) = max{|a;;|}.
We know that there exists a constant Cy such that for all A € C %4 N(A) < Cyl|A]l.
Then we get the second upper bound. O

Theorem 5 (Artzrouni) Let ||-|| be a matriz norm on C 44, Let M, be a sequence
in C™4 such that for all n € N,||M,|| = 1 and for all m € N the sequence of
matrices My, M1 ... M,, n > m converges. If N, is a sequence in C ¢ such that

oo
Z || N, — M, || < oo, then the sequence of matrices N1 Ny ... N, converges.

n=1

We are now ready for the main result.

Theorem 6 If —5 < 3 < 3, then for all complex number & the sequence of matrices
P, (&) defined in (5) converges and the convergence is uniform whenever & lies in the
disk |£] < R. As functions of &, the four components of the limit matriz P(£) are
entire functions of exponential type < 1.



Proof: Let us start by proving that the moduli of all components of P,(z) are
uniformly bounded whenever z is in any given disk |z| < R.

If A= (a;;) is a matrix in C?*%, we recall that ||A4]|| = max;{|a;1|+ |a:2|}. Then
we set:

e(R) = max[0, sup (|[A(2)[|oc — 1)]-
|z|<R

Then, we use Lemma 4 with the matrix 4, = A(z/2") and the number ¢, = ¢(R/2").
If the components of the matrix A(z) are a;;(z), these functions are analytic at z = 0,
therefore ¢, = O(1/2") (remembering the hypothesis —5 < f < 3). Lemma 4
shows that the moduli of all components of the matrices P,(z) are uniformly bounded
whenever z lies in the disk |z| < R.

Now, we prove that for all z € C, the sequence of matrices P,(z) converges. Let
M, be the constant sequence of matrices M = M,, = A(0) = (1) é ) and define
the sequence N, = A(z/2"). We know that ||N, — M,||e = 0(172”). Moreover
| M||o = 1 and with the hypothesis on 3, the sequence M* k > 0 converges. All the
hypothesis of Theorem 5 are satisfied, therefore the sequence P,(z) converges.

As the sequence P,(z) converges to a matrix P(z) and as the moduli of the com-
ponents of the matrices P,(z) are uniformly bounded whenever |z| < R, the Lebesgue
dominated convergence theorem and Cauchy formula give us the proof that all the
components of the matrix P(z) are analytic in z and that the convergence of the
sequence P,(z) to P(z) is uniform on the disk |z| < R.

Finally, let us verify that each element of the matrix P(z) is an entire function
of exponential type. Firstly there exists a real positive number C', which depends on
the parameters «, 8 such that for all z € C, ||A(2)||c < Ce?l. Secondly, we know
that there exists a real positive number M (depending on the parameters again) such
that for all z € C, |z] < 1,||P(2)||oc < M.

Let 2 be a complex number such that 27 < |z]| < 27+
As P(z2) = A(2/2)A(z/4) ... A(z/2")P(z/2""1), we obtain the bound

n

1P(2)]]oo < [1P(2/2" oo [ 11 AGz/29)loe < M [T1Ce*) < MO,
k= k

=1
log [|P(2)[loc

So that limsupy,;_,« B < 1. Then the functions composing the matrix
z

P(z) are entire function of exponential type < 1. O

The Schwartz version of Paley-Wiener theorem allows us to have a corollary of
Theorem 6.

Corollary 7 Let us assume that —5 < 8 < 3. Then each function composing the
limit matriz P(z) = lim P,(z) is the Fourier transform of a distribution whose support
lies in the interval [—1,1].



2.3 Schwartz distributions associated to the scheme

We will link the computation of Fourier transforms of the previous subsection with the
limit matrix P(£). This link will come from four sequences of Schwartz distributions.
We set

n 1 . .
T = 2—n§:fi(m/2 Vomjansi = 0,1,
0 1 — . .
UZ( ) = 2_n E pz(m/2 )6m/2”77' :Oa]-a

where 4, is the Dirac distribution at point h defined by d,(¢) = ¢(h).

Notice that these sums are finite and that the distributions are compactly sup-
ported, the supports of f;, p;,i = 0,1 being in [—1, 1].

If we evaluate the Fourier transform of these four distributions:
T.(”) (g) — T;(”)(efiﬁm)’ U‘i(n) (6) — Ui(”)(efi&:)’i _ O, 1.

Hence using the equalities (3), we verify that two simple inductions link both Fourier
transforms through the matrix A(¢). Indeed,

A 1 .

+1 _ n+1

T016) = g 3 folm /27 e/
m

In this last equation, we substitute to fo(m/2"*") the right member of the first equa-

tion of system (3) with x = m/2" to obtain a first recursion:

T () =[5 + 3 cos(STp(€/2) + i

Ssn($)Tr(e/)

Similarly, we can evaluate Tl("+1)(§) using the third equation of system (3) again
at x = m/2" and we get a second recursion:

1 () = insin(S)T3(E/2) + [ + 5 eos(ST7(E/2)

Both recursions may be linked in a single vector recursion through the matrix
A(£/2):
T(n—l-l) ¢ T(n) £/2
(3 1 (€/2)
Similarly, with the second and fourth equations of system (3), we obtain a second

vector recursion:
0y U (€/2)
< ) ) — ) ( U(e/2) v



and .
Uy (€) ( 0 )
i =2"P,(¢) . 9)
( o™ () 1
73" (€) -
The vector sequence ) © converges to the first column of the matrix P(£).
1

Now, Schwartz theory tells us that the Fourier transform in the space of tempered
distributions is a linear continuous operator and its inverse is its conjugate ([11] p.

107 of Vol. 2). Therefore both sequences To(n),Tl(n) converge respectively to the
distributions Ty, 77, respective components of the inverse Fourier transform applied
to the first column of the matrix P(£).

Theorem 8 If —5 < 3 < 3, then both sequences of distributions TO(”),TI(n) converge
respectively to the distributions Ty, T, the respective components of the inverse Fourier
transform applied to the first column of the matriz P(&).

We are ready to prove that the subdivision scheme is always convergent in the
space of distributions D(R)’" whenever —5 < < 3. In the following, we use Schwartz

notation for the translation operator 7, where A is a real number. If ¢ is a function
in C§° and if T is a distribution, then 7,¢(x) = ¢(z — h) and 7,7(¢) = T (11,¢).

Theorem 9 Let us assume that —5 < [ < 3. If we build the couple (f,p) by the
subdivision scheme (1) from the data {yg,y) }rez, then the sequence of distributions

1 o
F, = o Z J(m/2")dpm on converges to the distribution

o0

F = Z [ykT_kT(] +y;T_kT1].

k=—00

Proof: Let ¢ be a function in C* which support is in [— N, N}, then



F.(¢) = & Zzzimn f(m/2™)p(m/2™). We use relation (2) to get:

on

N2™ N+1

E0) = Y. Y [po(m/2" = k) + ypfi(m/2" = k)] (m/2")

= 3> folm/2Y) + g fim/20)é(m /2" + )

= 2" > [T + y T (k).

k=—N—-1
As n tends to infinity, the limit of the sequence F,(¢) is:

Z [k To + Y71 T1](9)-

k=—oc

O

Theorem 10 If —3 < 3 < 1, then both sequences of distributions Uén), Ul(") converge
respectively to the distributions T, T| which are the derivatives of the distributions
Ty, 1.

Proof: Using both relations (5) and (7), we have:

§
(l?én)(s) ) _ip _1(§)< I8 in(e/2") )
() " Lt 8 cos(e/2m)

~(n—1) 1 _‘_5 Uv(nfl) ;
Jll(n_l (€) ) + == < A‘lgn_l)gg ) +0(1/2")

UMy  1-8 w148, [ T 0 11+ 6],
( - ) —ZTfZ(—) (Tl(n1k)(£) +O(n[max(§,T)] )

If |14 3| < 2 which is the hypothesis, then the right member of the last vector equation
tends to the column vector whose components are i£7(£),i€T1(€). They are the two

respective limits of the sequences Uén) (&), Ué") (€). Using the inverse Fourier transform

on each sequence, it is clear that Uén), Ul(n) converge respectively to the distributions
T8, T7. O



Theorem 11 Let us assume that —3 < [ < 1. If we build the couple (f,p) by the

subdivision scheme (1) from the data {yx, Y trez, then the sequence of distributions
1 oo

G, = o Z p(m/2")0m on converges to the distribution

m=—oQ

G= > [Ty + ypr—iT}).

k=—o00

Proof: The proof is similar to that of Theorem 9. O

2.4 A characterization of Fourier transforms TO, T

In this subsection, we characterize the couple of functions

b0 (&) = Th(€), ¢1(€) = T1(€) without computing all the subdivision scheme for two
systems of initial data. We have seen in equation (4), that this couple of functions
satisfies the system of two functional equations:

(269) =20 (28).

The hypothesis on the parameters o, f is —5 < [ < 3. With it, we know that the
vector sequence

7(n)
( i ) — ate/24(/9. 62 4 ) (1)

converges to (Ty(€), T1(€))T. For £ = 0, we have for all n € N,
(15" (0). T (0)) = (1,0). so that ¢5(0) = 1,1(0) = 0.

Theorem 12 If —5 < 8 < 3, then there exists one and only one couple of analytic
functions (¢po(€), d1(§)) solution of the functional system (10) and satisfying

¢0(0) = 1.

Proof: Let (¢, ¢1) be a couple of analytic functions solution of (10) and such that
¢0(0) = 1. By setting & = 0 in equation (10), we have that ¢;(0) = 0 (because 5 # 3).
We expand the functions ¢g(&), ¢1(§) and the components a;;(§) of the matrix A(€)
in power series of &:

G0(€) = X0y B0 €", 61(6) = Yoy d1€", aiy(€) = oo palen

Then we substitute these expansions in system (10). We develop the products and
we reorganize the result in terms of powers of £&. We use the hypothesis

¢0(0) = 1,¢1(0) = 0 to compute the Maclaurin series of the functions ¢, ¢; recur-
sively, forn =1,2,3,...

2 n

o =000 " aPel ) /(2" — ai(0)),i = 1,2 (12)

j=1 k=1
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Therefore ¢y and ¢, are completely known. O

Remark 2: In this last theorem, the analyticity hypothesis on the functions ¢q, ¢1
is critical. If one just use the continuity hypothesis combined with the values of
$0(0), $1(0) one does not have a unique solution of system (10). Kuczma proved in
a general way in his book ([8], p. 245, Theorem 12.1), that the set of solutions of a
system of type (10) depends on an arbitrary function.

3 The Hermite subdivision scheme H S22

We will see how we can generalize the previous results to the scheme H S22 which is
based on bissections that use not only the values of a function and of its first derivative
but also the values of its second derivative. We recall Merrien’s construction [10]. If
the values of a function f, and of its first and second derivative p, s are known on Z,
we build the functions f,p and s by a recursion on n as in the previous section. If
a=7j/2" and b = (j + 1)/2™ are two successive points of D,,, we compute f,p et s at
the middle point z = (a + b)/2 by the formulae:

flz) = 1/2[f(b) + f(a)] + azhlp(b) — p(a)] + ash?[s(b) + s(a)]

pe) = HIO D 4 (@) 4 (6] + Bilsb) - s(a)] (13)

b) —pla
s(@) = meg[s(b)ﬂ(a)]
The algorithm is said to be C%-convergent if, for any data {y, ¥, ¥y tkez, the three
functions f,p, s can be extended from D, to R with f € C*(R), p = f" and s = f".
A necessary condition to get C?-convergence is:

8oy + 163 = —1, 81 + 20 = 1,79 + 273 = 1.

We will find again the last two conditions later in the convergence theorems in the
space of distributions. If these conditions are satisfied, then the algorithm depends
only on 4 parameters: as, 31, 3 and 7.

As for HS21, with this necessary hypothesis, a necessary and sufficient condition
to get C-convergence is p(X) < 1 where ¥ = {A;,A_;} and

% EY2 0
A= e(3+28,-2) 1-2 £26, | .,e+1.
— 1488 e(i+dan+2) 2-5

An equivalent condition is that there exists a matrix norm |[|-|| such that: ||A.]| < 1,e = £1.
The proof of this result is in [10].

Remark 3: For some values of the parameters, the function f on each interval

[k, k + 1],k € Z is a usual polynomial or a piecewise polynomial. For example:
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1. ag = —=5/32, 03 =1/64, 1 = 15/8, By = —=7/16, B3 = 1/32, v = 3/2,
v3 = —1/4, then f is the Hermite interpolating quintic polynomial on each
interval [k, k + 1],k € Z,

2. ap = _23/1447 a3 = 5/288: 51 = 9/47 52 = _5/8: 53 = 1/167/}/2 = 3/2:
v3 = —1/4, then f is the cubic spline with two knots at 1/3 and 2/3 of the
interval [k, k + 1],

3. ay = =5/32,a3 = 1/64, 01 = 2,0y = —1/2,05 = 1/24,v = 3/2,73 = —1/4,
then f is the quartic spline with one knot at the middle point of the interval
[k, k + 1].

3.1 Elementary properties of HS22

Of course, we have lemmas equivalent to Lemma 1 and 2 on linearity, translation and
scale change for the scheme H S22 ; they are not written again.

As for HS21, we introduce three basic solutions for the recursive system (13):
the triplets f;, pi, si,© = 0, 1,2 which are solutions of (13) with data,

fo(k) = 0k0,p0(k) = 0, 50(k) =0,
Vk € Z7 fl(k) = Oapl(k) = 6k,0731(k) = Oa
f2(/€) = 07292(/9) =0, 52(k) = 5k,o-

Then, for any construction produced by (13), we have for any dyadic number z:

\

fla) = Z[f ) folw = k) + p(k) fi(w — k) + s(k) fa(z — k)]

pa) = Y [fR)pole = k) +p(B)p (@ — k) +s(K)pa(a = K)] & (14)
s@) = D [f(K)so(x = k) + p(k)sa(z — k) + s(K)sz(x — K)

From these formulae we can deduce a system of functional equations:

fol@/2) = folw=1)/2+ fo(z) + folw +1)/24 L[ filz — 1) + fi(z + 1)]
A@/2) = al-fole =)+ folz + )]+ 2 fi(x = 1)+ Lfi(x) + 2fi(x+1)
+E[=fole = 1) + folx + )]
f(x/2) = as[folz — 1)+ folw + 1)) + 2= fi(z = 1) + fi(z + 1)]
+2 fo(z = 1) + 1 foa) + 2 folz + 1))

and similar equations in terms of p; et s; (cf (3)).
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3.2 Fourier transform of HS22

When the Fourier operator is applied to each equation of the system (15) and to
similar equations for p;, s;, we obtain

G W2\ { pol®) polE/2)

h©) | =ae | e || a© | =2ae | a2 |

f2(§) f2(£/2) p2(€) p2(£/2)
S0(€) $0(£/2)
51(6) | =4A/2) | 51(€/2) ], (16)
$2(€) $2(£/2)

where
%+%cos§ i%sin{ 0
A6 = ipsing  §+ g—‘—’cosg i sin &
as cos € ig—?’sinf £+ 2 cos¢

Therefore, again, we will have to study the sequence of matrix products:

Bu(§) = A(E/2)A(E/4) - - A(£/2"). (17)

Using Lemma 4 and Theorem 5, we prove a similar theorem to Theorem 6 and its
corollary. But before that, we must change the matrix norm.

Let © = (01,60s,...,0;) be an element of R? with positive §;. We define a new
norm || - [je on C? by || X|le = max;—1 4(6;]z;|), X € C% It is easy to prove that the
associated matrix norm satisfies ||Alle = max; ) ;0;/0;]a;;| whenever A = (a;;) lies
in C 44, Obviously if ) = ... = 64 = 1, we obtain the usual norm || .

Theorem 13 If —5/2 < 5, < 3/2 and if —=9/2 < 3 < 7/2, then for any complex
number £, the sequence of matrices P,(€) defined in (17) converges and the conver-
gence is uniform whenever £ lies in the disq |£| < R. The nine components of the
limit matriz P(§) are entire functions of exponential type < 1.

Proof: We proceed as in Theorem 6 except that on C?, we use the norm || X||e
with © = (1,1, 05) where 63 is choosen small enough to get 63|as| + |1/8 + v3/4| < 1.
Then it is easy to prove that ||A(z/2")]le < 1+ O(1/2") in the disk |z| < R.

1 0 0

Notice that A(0)=| 0 1+2 0 so that ||A(0)||le = 1 with the above

0 Ly 2
a3 s T 1
condition on 6.
By induction, we prove that
1 0 0
[AO)]" = 0 G+ 3)" 0 n>1,
mEslG+)" -1 0 (5+3)"



1 0 0
therefore, using the hypothesis, this sequence converges to the matrix 0 00
T 00
We can complete the proof as in the previous section because the hypothesis of The-
orem 5 are satisfied. O

Corollary 14 If —5/2 < 5 < 3/2 and if —=9/2 < 73 < 7/2, then each component
of the limit matriz P(z) = lim P,(z) is the Fourier transform of a distribution with
support in the interval [—1,1].

3.3 Schwartz distributions associated to H S22

We introduce 9 sequences of distributions in Schwartz sense:

U™ = LS pi(m)2%) 6 e, i = 0,1,2,
v = ;n (M) 2") S jan i = 0, 1,2,

When we compute the Fourier transform of these distributions, we obtain:

A~ A

T.(”) (5) _ T‘(”)(efiém)’ Ui(n) (5) _ U(”)(efigm)’ Vi(n) (g) _ V(n)(efz'gm).

1 1

Then using the equations (15), we may verify that three recursions link these Fourier
transform through the matrix A(&):

Ty () T3"(€/2) ") 7" (/2)
T E) | =A¢) | 17e2) |, Ul"“g =24(¢/2) [ O€/2) |
75 (€) 75" (€/2) () 05" (€/2)
(3 Vi (€/2)
AR(3) (£/2) V"@/z) (18)
(3 V" (€/2)
1 (¢) 1\ (U0 o (€ 0
As | 779 (0) 7€) 1) VA3 (0),wede-
7 () 07\ o RN !
duce that .
73" (€)
() ( )
()

and
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7" () 0 Vi (€) 0
07 | =2P© | 1| V© [ =a@ | 0] (19)
03" (¢) 0/ \ %" !
Like Theorems 8 and 9 for HS21, we have the two following theorems whose
proofs are similar.

Theorem 15 If —5/2 < By < 3/2 and if —9/2 < 3 < 7/2, then the three sequences
of distributions To(n),Tl("),Tz(") converge respectively to the distributions Ty, Ty, Ts.
They are the three respective components of the inverse Fourier transform applied
to the first column of the matriz P ().

Theorem 16 We suppose that —5/2 < Py < 3/2 et —9/2 < 3 < 7/2. If we build the
triplet (f,p,s) by the subdivision scheme (13) from the data {yg, v}, Yy }kez, then the

1 o
sequence of distributions F,, = on Z f(m/2")dm on converges to the distribution

m=—00

o
= Z [yrT—+To + yp -k T1 + Y7k T3],

k=—oc

To study the convergence of the sequences Ui(") et Vi(n),i = 0,1, 2, we need a new
lemma which gives the convergence of an infinite product of matrices.

1 00
Lemma 17 Let M = | a b 0 | € C¥3 with |b] < 1,|d| <1 then
0 c d
1 00
im M= &5 00
n—-+oc
ac O O

(1=0)(1-d)

Proof: By induction, we obtain that for all n > 2 and b # d

1 0 0
M" = al=t" b" 0
1-b"  1—d b —dn
i — =) e 4
and for b =d,
1 0 0
n b
M — a }L_b L bn O
ac(nfl)lzlizl)g +1 cnb®1 pn

It is now easy to conclude. O
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Theorem 18 If —3/2 < s < 1/2 et —3/2 < 3 < 1/2 then both sequences Uz-(n) and
V-(n),i =0,1,2 converge respectively to U; and V;.

2

If we add By + 2Py =1, then U; =T],i =0,1,2
Moreover, if we add vo + 273 =1, then V; =T/,1=0,1, 2.

7 o fr
Proof: Let usset t, = Tl(") Uy = Ul(") ,Up = f/l(") . With (18), we
e o P
get
1 1/2 + cos(&/27)/2
tn = Pn_lA(§/2n) 0 = Pn—l ia2 sm(§/2”)
0 o cos(&/2")
= [1/2+ cos(£/2")/2)tn—1 + ge=rice sin(§/2™)un_1 + g=rv3 c0S(£/2")vp_1.

Similarly, we obtain:

1
Uy = i%?” sin(&/2™)t,—1 + [1/2 + B cos(§/2™) [un—1 + i%2" sin(§/2”)4n_1vn_1,
v, = %zﬂ SIN(E /2" un_1 + [1/2 + 73 c08(£/2") 1.
tn tn—l
These equations can be written in a vector form: u, | =N, | u,—1 | where
Un Un—1
1/2+cos(£/2")/2  gi=riassin(E/2")  p=riag cos(E/2")
N, = | 2msin(¢/2")  1/2+ Bacos(£/2") B3zt sin(€/2")
0 i32"sin(£/2")  1/2 4 y3cos(§/2")
1 0 0
Setting M = i%—lf 1/2+ By 0 and using the previous lemma and the

0 i5E 1/2 + 7
hypothesis on 5 and 73, we get that the sequence M" converges.
We choose a matrix norm || - || = (1, 6, 03) with 6y and 65 such that:

0
02126+ [1/2+ o] < 1 then 222+ [1/2 4 7] < 1.
2

Now ||[M]le = 1 and ||[M — N,|le = O(1/2"). Using again Theorem 5 we con-
clude that the sequence N,N,_;...N; converges, so that the sequence (,, uy,, v,)T
converges to (t,u,v)T.

When we reach the limit, then u = iZ2L6t+ (1/24 Bo)u and v = iZ2&u+ (1/2+73)v.

This can be written u = il—ﬁ2152 Etand v = 2'1_72273 &u. By the inverse Fourier transform,

we have the convergence result for Ui(n) and Vi("),i =0,1,2.
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With the additional hypothesis 5; + 26, = 1, we have u = it,
therefore U; =T],1 = 10,1, 2.
Finally, if moreover 5 4+ 273 = 1, then v = ifu so that V; =T7/,i =0,1,2. O
Now we have a last theorem on the convergence of derivatives distributions as we
had for HS21.

Theorem 19 We suppose that —3/2 < 3 < 1/2,-3/2 < 3 < 1/2 and py + 205 =
1,v2+2v3 = 1. If we build the triplet (f,p, s) by the subdivision scheme (13) from the

1
data {Yk, Yi, Yy trez, then the sequence of distributions G, = on Z p(m/2")d,, jom

converges to the distribution G = Z [y Ty + yp Tk 1] + yp - 15,

k=—o00
00

Z s(m/2")6m/om converges to the dis-

m=—0oo

1
and the sequence of distributions H, = o

tribution H = Z [yt k10 + ypm i Ty + i To ).

k=—0oc

3.4 A characterization of Fourier transforms TO, Tl,Tg

~

We characterize the triplet of functions ¢;(§) = T;(£),7 = 0,1, 2 without computing
all the subdivision scheme for three triplets of initial data. This triplet of functions
satisfies the functional system:

$0(2€) Po(€)
$1(26) | = A | #(&) |, (20)
$2(2€) $2(§)

Theorem 20 If —5/2 < 5 < 3/2 and —9/2 < 73 < 7/2, then there ezists one and
only one triplet of analytic functions (¢o(€), $1(£)), p2(&)) solution of the functional
system (20) and satisfying ¢o(0) = 1.

Proof: One must first notice that the matrix A(0) is a triangular lower matrix whose
diagonal components are successively 1,1/4+ 3/2,1/8 + ~3/4. Under the hypothesis
—5/2 < By < 3/2,-9/2 < 73 < 7/2, we know that the vector sequence

T3(€) 1
M) | = A€/2)AE/4) ... AE/2™) | 0 (21)
73 (€) 0

converges to (Ty(€), T1(€), To(£))T. In the vector equation (21), if we substitute 0 to
¢, we verify that for all n, 7" (0) = 1. Therefore Ty(0) = 1. Setting ¢;(&) = Ty(€), we

17



obtain that the triplet (¢q, @1, ¢2) is an analytic solution of the equations (20) and
$0(0) = 1.

Now, let (¢, ¢1, ¢2) be a triplet of analytic functions solution of (20) and such that
$o(0) = 1. As in Theorem 12, we expand the functions ¢q, ¢, ¢ and the components
of A(§) in power series of £:

Gi(€) = Sono 8E i = 1,2,3 1 A(€) = L2, " A

When we substitute 0 to £ in equation (20), we obtain that (¢o(0), #1(0), ¢2(0))”
is a column eigenvector for the eigenvalue 1 of the matrix A(0). Since A(0) is trian-
gular with only one 1 on its main diagonal, this eigenvector is unique when its first

component is 1. So ¢1(0) = 0, ¢2(0) = 83/ (7 — 273). Hence ¢;(0) = 7;(0),i = 0,1, 2.
By replacing ¢; with their powers series in the system (20), by developing the products
and reorganizing the results in terms of powers of £, we obtain the series of equations

depending on n =1,2,3, ...

2o [ =D A o | (22)
d)(") k=0 qs("—k)
2 2

Since for all n > 0, the matrix 2" — A(0) has an inverse, all the components in
the expansions of ¢§n),i =0, 1,2 are uniquely definite. O

4 Conclusion

As we saw it, it is possible to define Hermite interpolatory subdivision schemes on
the space of Schwartz distributions. The study of the convergence of these schemes
on the space D(R) can be done through the Fourier transform provided that suffi-
ciently general results about convergence of infinite products of matrices are avail-
able. We came to this approach after previous works of Deslauriers-Dubuc [3] and
of Deslauriers-Dubois-Dubuc [4]. These authors considered interpolatory subdivision
schemes which nevertheless were not of Hermite type. In this situation, the Fourier
transform allowed the study of the convergence of some schemes with the help of
products of trigonometrical polynomials (and not of matrices).

After defining Hermite subdivision schemes on the space of distributions, we may
think to many other questions. One of these is the following. In the scheme HS11,
can we characterize the largest region of the parameters «a, 8 such that for the cor-
responding Fourier transforms Tp,7; ,we get [+ ET(€)|2de < o0,i = 0,17
This characterization would be useful to specifying all interpolating functions f of
the scheme such that f and f" are in L*(R).
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