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1 Let’s play with Stoke’s theorem!

Recall that Stoke’s theorem can be written as

//DxE~d§=/ F-ds
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wheredSis a closed curve defined as the boundar$.of

1.1 Anexample

Let the surfaceS be the paraboloid = 9 — x*> — y? defined over the disk in they—plane of
radius 3. Since this surface is of the foar= f(x,y), it has an obvious parametrization using
X,y as parameter with a parameter space give®by {(x, y)[x%4y? < 3}. ThedSis the circle
{(x,,2)[x*+y? = 9,z= 0}. We will use the vector fiellf = (2z—y)i+ (x+2)j + (3x—2z)k to
test Stoke’s theorem.

We calculate the curl df as
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= (-3,-1,2).

Taking the gradient af+x? +y? = 9, we find that a normal vector to the surface 9 —x? —y?
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is given byN = (2x,2y,1). From this, we can compute the RHS of Stoke’s theorem

//SDXE-d_S = //[)(—37—172)'(2X,2y,1)dxdy
= //D(—GX—2y+2)dxdy

Consider the first two terms under the integrdix — 2y. We see that by symmetry, they must
integrate out to zero!!! Therefore
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What about the RHS of the Stoke’s formula? Well, we need to integrate around the circle of
radius 3 centered at the origin. There is only one obvious parametrization for this curve

X = cos
y = sint
z=0

with t ranging from 0 to & Or else, we can writx(t) = (codt,sint,0), thereforex'(t) =
(—sint,cogt,0). We can integrate
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= / (—3sint,3cog,9cog — 6sint, ) - (—3sint,3cog,0) dt
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