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The marking has to reflect the fact that students were given the answers (in the back of the book). The answer
alone is worth nothing. Out of 130 marks.

6 Applications of First-Order Differential Equations

6.61. [5 marks] The differential equation is'2= 2g+ 50v or V' = g+ 25v. The limiting velocity is reached when
vV =0 org+25v=0 or whenv= —g/25= —9.8/25= —0.392 m/sec where we sgt= 9.8 m/seé. Alternatively,
one could solve the full differential equation and fmd the maX|mum velocny

6.71. (a) [20 marks] The differential equatlon#Jr ged= R or ¢ T 4+ 10x1(r2q 0.5 ord +10g = 0.5 The solution

is q(t) = 4.95x e 1% +0.05. The current is given blt) = {1 = —49.5e 1% .
(b) [5 marks] Whert approaches, we get 0.

Qo

7 Linear Differential Equations

7.36. [5 marks}/\/:’ ?;;( 4: = 0. The set of functions is linearily dependent.
x 1 xX-7
7.45. [5marksw=|1 O 2 = 0. The set of functions is linearily dependent.
0 0 0
7.48. [10 marks]
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The set of functions is linearily independent. (For full marks, the computation of the determinant must be explicit: it
is impossible to do such a computation in the air...)
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8 Second-Order Linear Homogeneous Differential Equations

8.17. [10 marks] We substitutgx) = e to get the characteristic equatidf— 1 = 0 hence\ = +1 and the solution
isSy=ce8+coe .

8.24. [20 marks] We substitutgx) = " to get the characteristic equatidfi+ 2\ +3 = 0 hence\ = +/2i —1 and
the solution isy = cie7*cosy/2x+ ce X siny/2x.

8.38. [20 marks] We substituigt) = €\ to get the characteristic equatidf— 5\ + 7 = 0 hence\ = i@i + g and

the solution isQ = ¢,e™/2 cos@t +cpe?/2sin @t.

9 n'" order Linear Homogeneous Equations

9.16. [20 marks] We substituigx) = &"* to get the characteristic equatidf— 2\ — A +2 =0 henceA = —1,1,2
and the solution iy = cie* + coe* + cze.

9.32. [20 marks] We substitugx) = €* to get the characteristic equatidf+A2+ 2\ +3 =0 hence\ = +/2i — 1
and the solution ig| = c;€* + coe % + 03e\/ix + c4e*\/§".

10 The Method of Undetermined Coefficients

10.44. [20 marks] We substituygx) = € in the corresponding homogeneous differential equation (setting the RHS
to zeroy”’ = 2y +y=0). The characteristic equatior$— 2A 41 or (A — 1), hence the solution to the homogeneous
problem isy(x) = c1€*+ coxe’. The inhomogeneous term is a polynomial, hence we guess a polynomial solution of
the formax? + bx+ c. Substituting and collecting the terms we get 1,b =4, andc = 5. Hence the general solution

is Y(X) = C18¢ 4 CoX& 4 X2 + 4x + 5.

10.46. [20 marks] We substituygx) = € in the corresponding homogeneous differential equation (setting the RHS
to zero,y” — 2y +y). The characteristic equationig — 2\ + 1 or (A — 1)2, hence the solution to the homogeneous
problemisy(x) = cie*+coxe* . (Thisis all the same as in question 10.44.) The inhomogeneous term is a trigonometric
function, hence we guess a trigonometric solution of the fAirasx+ Bsinx. Substituting and collecting the terms

we getA = 0 andB = —2. Hence the general solutionyis= ¢;€* + coxe — 2sinx .

10.49. [20 marks] We substituygx) = € in the corresponding homogeneous differential equation (setting the RHS
to zero,y —y). The characteristic equationis— 1, hence the solution to the homogeneous probley®is= c; €.

The inhomogeneous term is an exponential, hence we guess an exponential solution of #fe Tdri® first guess

will fail since this is also the solution to the homogeneous problem. Therefore, we modifiy our guess by multiplying
it by x. We try Axe, substituting we gef\e’ + Axe‘ — Axe&* = € or Ae = € or A= 1. Hence the general solution is

y = C1 €8+ X€ .
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